
A0 = {∅}
An+1 = {{(αi ,βi )}i∈k | k ∈ω\ 1∧αi ∈Ord \ 1∧βi ∈ An ∧|{βi }i∈k | = k}

A = ⋃
n∈ω

(An)

A′ = A \ {∅}

B0 = {∅}
Bn+1 = {{(αi ,βi )}i∈k | k ∈ω\ 1∧αi ∈Ord∧βi ∈ Bn ∧|{βi }i∈k | = k}

B = ⋃
n∈ω

(Bn)

a : A → ⋃
n∈ω

({{αi }i∈n,αi∈Ord})

a(X ) : X 7→ {X ′ | ∃X ′′ ∈ (Ord \ 1)[(X ′′, X ′) ∈ X ]}

b : A′ → A
b(X ) : X 7→ X̂ ′(∄X ′′ ∈ a(X )[X ′ ≺ X ′′])

b : A′ → A

b(X ) : X 7→ X̂ ′(∄X ′′ ∈ a(X )[X ′′ ≺ X ′])
cX (Y ) : A2 → Ord
cX (Y ) : (X ,Y ) 7→ X̂ ′((X ′,Y ) ∈ X ) ⇐⇒ Y ∈ a(X )

(X ,Y ) 7→ 0 ⇐⇒ Y ∉ a(X )

X ≺ Y ⇐⇒



⊥ [Y =∅]

⊤ [X =∅∧Y ̸=∅]

b(X ) ≺ b(Y ) [X ̸=∅∧Y ̸=∅∧b(X ) ̸= b(Y )]

cX (b(X )) ≺ cY (b(Y )) [X ̸=∅∧Y ̸=∅∧b(X ) = b(Y )∧ cX (b(X )) ̸= cY (b(Y ))]

X \ {(cX (b(X )),b(X ))} ≺ Y \ {(cY (b(Y )),b(Y ))} [X ̸=∅∧Y ̸=∅∧b(X ) = b(Y )∧ cX (b(X )) = cY (b(Y ))]

d : B → A
d(X ) : X 7→ {(X ′, X ′′) | (X ′, X ′′) ∈ X ∧X ′ > 0}

e : A → A

e(X ) : X 7→
{

X [cX (∅) ∈Lim∪1]

d(X \ {(cX (∅),∅)}∪ {(α̂(α+1 = cX (∅)),∅)}) [cX (∅) ∈ Succ]

f : A → Ord

f (X ) : X 7→



0 [X =∅]

1 [e(X ) ̸= X ]

2 [e(b(X )) ̸= b(X )∧ cX (b(X )) ∈ Succ]

f (b(X )) [e(b(X )) = b(X )∧ cX (b(X )) ∈ Succ]

cX (b(X )) [cX (b(X )) ∈Lim]

g : A×Ord → A

g (X ,α) : (X ,α) 7→



∅ [X =∅]

e(X ) [e(X ) ̸= X ]

d(X \ {(cX (b(X )),b(X ))}∪ {(β̂(β+1 = cX (b(X ))),b(X )), (α,e(b(X )))}) [e(b(X )) ̸= b(X )∧ cX (b(X )) ∈ Succ]

d(X \ {(cX (b(X )),b(X ))}∪ {(β̂(β+1 = cX (b(X ))),b(X )), (1, g (b(X ),α))}) [e(b(X )) = b(X )∧ cX (b(X )) ∈ Succ]

d(X \ {(cX (b(X )),b(X ))}∪ {(α,b(X ))}) [cX (b(X )) ∈Lim]

h : A → A

h(X ) : X 7→


∅ [X =∅]

X \ {(cX (∅),∅)} [∅ ∈ a(X )]

X [∅ ∉ a(X )]

ϕ : A → Ord

ϕX : (X ,α) 7→


1 [X =∅]

ωcX (∅) [a(X ) = {∅}]

enum({α | ∀β< f (h(X ))[α=ϕd(g (h(X ),β)∪ {(α,∅)})]})(cX (∅)) [ f (h(X )) > 2]

enum({α |α=ϕg (h(X ),α)})(cX (∅)) [ f (h(X )) = 2]

α = {(α,0)}
{(αi , i )}i∈n,n∈ω = (αi )i∈n,n∈ω

{(αi , Xi )}i∈n,n∈ω =
(
αi

Xi

)
i∈n,n∈ω

1


